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The brittle fracture behavior of an open cell foam is considered. The foam is modeled by an inﬁnite lattice
composed of elastic straight-line beam elements (struts) having uniform cross-sections and rigidly con-
nected at the nodal points. The beams are parallel to the three mutually orthogonal lattice vectors thus
forming a microstructure with rectangular parallelepiped cells.
A semi-inﬁnite Mode III crack is embedded in the lattice and, for the considered antiplane deformation,
each node has three degrees of freedom, namely, the displacement parallel to the crack front and two
rotations about the axes perpendicular to this direction. The analysis method hinges on the discrete Fou-
rier transform, which allows to formulate the crack problem by means of the Wiener–Hopf equation. Its
solution yields closed-form analytical expressions for the forces and the displacements at any cross-sec-
tion, and, in particular, at the crack plane. An eigensolution for the traction-free crack faces and K-ﬁeld
remote loading is derived from the solution for the loaded crack using a limiting procedure. An analytical
expression for the fracture toughness is derived from the eigensolution by comparing the remote stress
ﬁeld and the stresses in the near-tip struts. The obtained expression is found to be consistent with the
known analytical and experimental results for Mode I deformation. It appears, that the dependence of
the fracture toughness upon shape anisotropy ratio of the lattice material is non-monotonic. The optimal
value of this parameter, which provides the maximum crack arresting ability is determined.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The brittle fracture of open cell foams caused by a macrocrack
propagation is an important failure mode for a large group of cel-
lular materials (e.g., ceramic foams, rigid polymer foams). The
material fracture behavior in this case is deﬁned by the fracture
toughness. In contrast to a solid material, this parameter for a cel-
lular material is not an independent fracture characteristics to be
determined experimentally, and it can be obtained theoretically
in terms of tensile strength of the parent material. A corresponding
analysis is based on the fact that, due to the existence of voids, the
stress ﬁeld in the crack tip vicinity is non-singular, and an assump-
tion that crack propagation takes place when the maximum stress
in front of the crack reaches the level of tensile strength of the solid
material. The results for the fracture toughness of two-dimensional
periodic cellular materials (honeycombs) of different geometries
are well documented (Ashby, 1983; Fleck and Qiu, 2007; Lipper-
man et al., 2007). However, for three-dimensional cellular materi-
als, the basic result for the fracture toughness of an arbitrary open
cell foam is obtained by a combination of an analytical consider-
ation with experimental data (Maiti et al., 1984).ll rights reserved.
4.The goal of the present paper is to perform a fracture analysis of
an open cell foam modeled by a three dimensional beam lattice
with rectangular prism cells. As in the case of two-dimensional cel-
lular materials, the fracture toughness is calculated theoretically.
Moreover, it appears that, for the Mode III deformation being con-
sidered, the stress strain ﬁeld in the inﬁnite lattice with a semi-
inﬁnite crack can be found analytically in a closed form. This allows
to relate the remote and the near tip stress ﬁelds by simple formu-
las, to analyze the energy release rate and to carry out the paramet-
ric study of the fracture toughness.
A solution method employed in the present paper was sug-
gested by Slepyan (1981, 2002). It is a general analytic approach
to the analysis of cracks in periodic discrete elastic systems based
on the combined use of the discrete Fourier transform and the
Wiener–Hopf technique. It was originally used for the study of sta-
tic and dynamics of cracks in mass-spring systems and then ex-
tended to a 2D beam lattice (Ryvkin and Slepyan, 2010). The
paper is organized as following. In the next section, the formula-
tion of the inhomogeneous problem for a Mode III crack is pre-
sented in terms of generalized nodal displacements. In Section 3,
the formulated problem is reduced by applying the discrete Fourier
transform to the Wiener–Hopf equation and, then, solved in a
closed form in terms of Cauchy type integrals. The limiting proce-
dure, applied to the obtained inhomogeneous solution for speciﬁc
loading in Section 4, leads to a universal self-similar homogeneous
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displacements at the crack line is presented together with asymp-
totic results and its dependence upon shape anisotropy ratio of the
material is examined. An analytical expression for the fracture
toughness of the material is derived in Section 5. In addition, in this
section the ratio of local-to-total energy releases is determined. In
the ﬁnal section, several conclusions are drawn.
2. Problem formulation
Consider a three-dimensional inﬁnite periodic beam lattice
with rectangular prism cells. It consists of straight-line beam ele-
ments (struts) rigidly connected at the nodal points. The geometry
of the lattice with the struts directed along the axes ðx; y; zÞ of the
Cartesian coordinate system and its representative cell are pre-
sented in Fig. 1. The struts are made of an isotopic elastic material
with Young modulus E and tensile fracture strength rf . They obey
the Euler–Bernoulli assumptions and have a uniform cross-section
characterized by the moment of inertia I, which is assumed to be
identical for both bending planes xz and yz. The struts, which are
parallel to the horizontal plane ðx; yÞ, have the same length l and
the vertical elements in the direction z are of length h. Conse-
quently, the anisotropy of this material, which is orthotropic on a
macroscale, is characterized by the shape anisotropy ratio
R ¼ h
l
ð1Þ
and the location of a node with the coordinates ðx; y; zÞ can be de-
ﬁned by a triple of numbers ðm ¼ x=l; n ¼ y=l; s ¼ z=hÞ. Thus, the
lattice nodes will be identiﬁed by their indices m; n; s where
m;n; s ¼ 0;1;2; . . . A half-plane crack with the front parallel to
the axis z is produced by a cut in the plane y ¼ l=2 passing through
the midpoints of the elements connecting the nodes carrying the
indices ðm; 0; sÞ and ðm;1; sÞ where m ¼ 1;2; . . . ; s ¼ 0;
1;2; . . . At the ﬁrst stage, it is assumed that the cut faces are sub-
jected to the antiplane loading generated by shear forces applied to
the struts ends. Later on a solution of this inhomogeneous problem
will be used for deriving a homogeneous solution with traction free
crack faces. The forces at the plane y ¼ l=2þ 0 act downwards in the
direction of the axis z, and the direction of their counterparts at the
plane y ¼ l=2 0 is opposite. The magnitudes of these forces are
independent of index s (direction z) and decay exponentially with
increase of the distance from the crack front for m ¼ 1;2 . . .
(negative direction x)(a) (b)
Fig. 1. The 3D beam lattice with rectangular prism cells (a) and its representative
periodicity cell (b).Qm ¼ Qebm; m ¼ 1;2 . . . ð2Þ
Thus, Mode III deformation is generated. For homogeneous mate-
rial, this mode is characterized by a single non-zero displacement
parallel to the crack front line and, consequently, by the transla-
tional symmetry of the stress–strain state in this direction. For
the lattice material being considered, the above stipulation is re-
placed by a more weak one, namely, the period of the translational
symmetry is not arbitrary but equal to h, which is the distance be-
tween adjacent nodes in the direction z. Clearly, displacements and
rotations of the nodes completely deﬁne the stress state of the lat-
tice. These displacements in the directions x; y; z and the nodal rota-
tions about axes x and y are denoted as um;n;s; vm;n;s; wm;n;s; hym;n;s
and hxm;n;s, respectively. Then the adopted periodicity of the lattice
stress stain state can be expressed as following:
um;n;s ¼ vm;n;s  0; ð3Þ
wm;n;s ¼ wm;n;sþ1; ð4Þ
hym;n;s ¼ hym;n;sþ1; ð5Þ
hxm;n;s ¼ hxm;n;sþ1; m;n; s ¼ 0;1;2; . . . ð6Þ
As in the problem on a crack in a plane beam lattice (Ryvkin and
Slepyan, 2010) only bending deformations of the struts are consid-
ered: stretching of all the struts and twist of vertical ones is absent
in accordance with (3), (4) and torsion moments arising in the hor-
izontal struts due to node rotations are assumed to be negligibly
small with respect to bending ones. This assumption restricting
the type of strut cross section has been used in the early studies
of overall elastic behavior of solid foams and was removed in recent
works using more general beam models (the interested reader can
ﬁnd the references in Warren and Kraynik (1997)). In the consid-
ered fracture problem characterized by a non-periodic stress state
it is reasonable to follow the same path, namely, to get ﬁrst the
solution for a speciﬁc class of strut cross-sections and then extend
it to a more general case in future investigations. An example of a
cross-section addressed in the present study is presented in Section
5.
The deformation mode of the vertical struts is illustrated in
Fig. 2. These struts can be viewed as bridges between horizontal
2D beam-lattice layers with the identical stress state. Conse-
quently, it is possible to omit index s and consider a single 2D lat-
tice with three degrees of freedom for each node wm;n; hxm;n; h
y
m;n
(see Fig. 3). The generalized forces applied to the node ðm;nÞ of this
lattice by the six struts approaching it are shown in Fig. 4. The
shear forces Vxm;n; V
y
m;n and the moments M
x
m;n; M
y
m;n applied to a
node ðm;nÞ at the cross-sections x ¼ ml 0; y ¼ nl 0 by horizon-
tal struts are denoted by the superscripts þ and  respectively. At
the positive and negative z – cross-sections, in view of the adoptedFig. 2. The periodic deformation mode of the vertical struts.
Fig. 3. The horizontal beam-lattice layer with a crack.
(a) (b)
Fig. 4. The forces and the moments applied to the node ðm;nÞ at the cross-sections
located in the planes parallel to the plane ðxzÞ (a) and the plane ðyzÞ (b).
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the equal and opposite shear forces are canceled. Thus, the govern-
ing equilibrium equations corresponding to the three nodal de-
grees of freedom have the following form:
Vxþm;n  Vxm;n þ Vyþm;n  Vym;n ¼ 0; ð7Þ
Mxþm;n Mxm;n þ 2Mzxm;n ¼ 0; ð8Þ
Myþm;n Mym;n þ 2Mzym;n ¼ 0: ð9Þ
Due to skew symmetry of the problem, it is possible to address fur-
ther the part of the lattice located in the half-plane yP 1=2 where
the nodal indices are m ¼ 0;1;2; . . . and n ¼ 1;2; . . . At the
boundary y ¼ 1=2, the mixed boundary conditions take place
Mymc ¼ 0; m ¼ 0;1;2; . . . ; ð10Þ
wmc ¼ 0; m ¼ 0;1;2; . . . ; ð11Þ
Vymc ¼ Qebm; m ¼ 1;2 . . . ð12Þ
Here, wmc is the crack opening displacement; V
y
mc and M
y
mc are the
shear forces and the bending moments at the crack line, which
are deﬁned by the nodal quantities at the line n ¼ 1:
Vymc ¼ Vym1; Mymc ¼ Mym1 þ Vym1l=2: ð13Þ
The forces and the moments applied to a node can be expressed by
the end displacements and rotations of the struts reaching itVxm;n ¼ 2b wm;n wm1;n  l hxm1;n þ hxm;n
 h i
; ð14Þ
Vym;n ¼ 2b wm;n wm;n1  l hym;n1 þ hym;n
 h i
; ð15Þ
Mxm;n ¼ 2bl wm;n wm1;n 
l
3
hxm1;n þ 2hxm;n
  
; ð16Þ
Mym;n ¼ 2bl wm;n wm;n1 
l
3
hym;n1 þ 2hym;n
  
; ð17Þ
Mxzm;n ¼
2bl2
R
hxm;n; ð18Þ
Myzm;n ¼
2bl2
R
hym;n; ð19Þ
where
b ¼ 3EI
l3
ð20Þ
is a parameter related to stockiness of the struts perpendicular to
the z axis. Its magnitude is equal to the stiffness of a cantilever of
the length l subjected to a transverse force applied at the free
end. Note that Eqs. (15) and (17) become invalid for forces Vym;1
and moments Mym;1 (as we consider nP 1). These quantities are ex-
pressed through displacements and rotations using the equilibrium
equations (7) and (9) for n ¼ 1 in combination with (14)–(19) as
follows:
Vym1 ¼ 8bl
h
3wm;1 wm1;n wmþ1;n wm;2
þ 0:5l hym;1  hym1;1 þ hymþ1;1 þ hym;2
 i
; ð21Þ
Mym1 ¼
bl
3
6wm;1  6wm;2 þ 2lhym;2 þ 4lhym1
 
: ð22Þ
Finally, displacements at the crack line are also expressed through
the nodal quantities
wmc ¼ wm;1  hym;1
l
2
þ V
y
m1
8b
: ð23Þ
Eqs. (13)–(23) allow to reformulate the boundary value problem
(7)–(12) in terms of displacements and rotations of nodes. This for-
mulation will be employed in the solution, which is presented in the
following section.
Fig. 5. The absolute values of the roots of the characteristic equation (34) for
R ¼ 0:75 (solid line) and R ¼ 2:25 (dashed line).
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In this section the inhomogeneous problem where the crack
faces are subjected to loading (2) is addressed. The general solution
of the problem will be constructed using the eigensolutions
decreasing for n!1. To this end, the equilibrium Eqs. (7)–(9)
for m ¼ 0;1;2; . . . n ¼ 2;3; . . . are presented in terms of the dis-
placements using (14)–(19) as follows:
2wm1;n þ 2wmþ1;n þ 2wm;nþ1 þ 2wm;n1  8wm;n
þ l hxm1;n  hxmþ1;n þ hym;n1  hym;nþ1
 
¼ 0; ð24Þ
3wm1;n  3wmþ1;n þ l hxm1;n þ hxmþ1;n þ ð4þ 6R1Þhxm;n
h i
¼ 0; ð25Þ
3wm1;n  3wm;nþ1 þ l hym;n1 þ hym;nþ1 þ ð4þ 6R1Þhym;n
h i
¼ 0: ð26Þ
The application of the discrete Fourier transform in m
f F ¼
X1
m¼1
fmeikm ð27Þ
converts the latter problem for the eigensolutions to the 1D one in
the transform space:
ð4 cos k 8ÞwFn þ 2wFn1 þ 2wFnþ1
þ l 2ihxFn sin kþ hyFn1  hyFnþ1
 
¼ 0; ð28Þ
6iwFn sin kþ l 2hxFn cos kþ ð4þ 6R1ÞhxFn
h i
¼ 0; ð29Þ
3wFn1  3wFnþ1 þ l hyFnþ1 þ hyFn1 þ ð4þ 6R1ÞhyFn
h i
¼ 0: ð30Þ
Elimination of the transform hxFn by (29) leads to the homogeneous
system with respect to the two unknown functions wFn and h
yF
n
ð12 cos k 2R cos2 k 10R 24Þa10 wFn þ 2wFn1 þ 2wFnþ1
þ l hyFn1  hyFnþ1
 
¼ 0; ð31Þ
3wFn1  3wFnþ1 þ l hyFnþ1 þ hnFn1 þ ð4þ 6R1ÞhyFn
h i
¼ 0; ð32Þ
where a0 ¼ 3þ 2Rþ R cos k:
The decreasing for n! þ1 eigensolution of the system is sought in
the form
wFnþ1 ¼ kn wF1; hyFnþ1 ¼ knhyF1 ; n ¼ 1;2; . . . ; with jkj 6 1; ð33Þ
which leads to the characteristic equation for k
kþ 1
k
 2
þ a1 kþ 1k
 
þ a2 ¼ 0; ð34Þ
where a1 ¼ ð6 cos k R cos2 k 12 5RÞa10 ;
a2 ¼ 4½ð3Rþ 2R2Þ cos2 k 3ðR2 þ 4Rþ 6Þ cos kþ 4R2
þ 30Rþ 36R1a10 :
Two of its four roots ðq ¼ 1;2;3;4Þ
kq ¼ 12 a1 þ a3 þ
ð1Þqﬃﬃﬃ
2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a21  2a2 þ signð5 2qÞa1a3  8
q 
;
a3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a21  4a2
q
ð35Þ
meet the required condition of decreasing. The dependence of root
absolute values upon transform parameter k for two values of the
shape anisotropy ratio is illustrated in Fig. 5. It is seen that the roots
can be either real or complex conjugate. The case k ¼ 0 corresponds
to l periodicity in the direction x when deformations of all semi-
inﬁnite beams x ¼ lm; l=2 6 y <1 are identical. The existence of
a non-trivial real root k < 1 for this case shows that there is an
exponentially decreasing eigensolution for a semi-inﬁnite single
beam resting on periodically located point elastic supports havingalso rotational stiffness. The existence of such a solution is in agree-
ment with the known results for a beam on an elastic foundation.
A superposition of the eigensolutions (33) corresponding to the
derived roots gives the general solution of the problem
wFn ¼ C1kn11 þ C2kn12 ; ð36Þ
hyFn ¼ C1l1a4ðk1Þkn11 þ C2l1a4ðk2Þkn12 ; ð37Þ
where
a4ðkÞ ¼ 3Rðk2  1Þa15 ðkÞ; a5ðkÞ ¼ Rðk2 þ 4kþ 1Þ þ 6k; ð38Þ
and C1;C2 are arbitrary constants. They will be determined from the
boundary conditions at the crack line. In view of (13), (21), and (22),
the condition (10) of moment vanishing yields
C1pðk1Þ þ C2pðk2Þ ¼ 0; ð39Þ
pðkÞ ¼ ð6R cos2 k 36 cos kþ 30Rþ 72Þa10
þ 3½Rðk3  9k2  9k 7Þ  12k2  12a15 ðkÞ:
Thus, the solution includes single arbitrary constant, say, C ¼ C2
which will be found by theWiener–Hopf method. The force and dis-
placements transforms are splitted to ‘‘+’’ and ‘‘’’ functions regular
in the respective half-planes Im kP 0 and Im k 6 0
wFc ¼ w þwþ; VFc ¼ V þ Vþ: ð40Þ
Two of them are evaluated by (11), (12)
wþ ¼
X1
m¼0
wm;ceikm ¼ 0; ð41Þ
V ¼
X1
m¼1
Vym;ce
ikm ¼ Qðebþik  1Þ1 ð42Þ
and the other two are expressed through C2 in view of (13), (21),
(36), (37) and (23). In particular,
VþðkÞ ¼ 2bF1ðkÞpðk1Þ C2; ð43Þ
where
F1ðkÞ ¼ qðk2Þpðk1Þ  qðk1Þpðk2Þ; ð44Þ
qðkÞ ¼ 2½Rðcos2 k cos kþ 3Þ  6 cos kþ 9a10
þ ½Rðk3  5k2  5k 3Þ  12k2a15 ðkÞ:
Elimination of C2 from the expressions for VþðkÞ and wðkÞ leads to
the Wiener–Hopf equation
Vþ  FðkÞwþ ¼ VðkÞ; Im k ¼ 0; ð45Þ
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FðkÞ ¼ 8bF1ðkÞ
F1ðkÞ þ 4F2ðkÞ ; ð46Þ
F2ðkÞ ¼ pðk1Þsðk2Þ  pðk2Þsðk1Þ; sðkÞ ¼ ½Rð5þ 8k k2Þ
þ 12k½2a5ðkÞ1:
In order to solve this equation, one has to analyze the problem ker-
nel FðkÞ at the real axis. Since this function is periodic, it can be con-
sidered in the region k 2 ½p;p. Taking into account that k1 and k2
are either real or complex conjugate numbers, one can show that
FðkÞ is real, non-negative, even, and its behavior in the vicinity of
the single zero at the point k ¼ 0 is deﬁned by the following
asymptote:
FðkÞ  4b
2ðRþ 1Þ jkj þ O½jkj
3; k! 0: ð47Þ
Consequently, the normalized function
F0ðkÞ ¼ FðkÞ½f ðkÞ1; f ðkÞ ¼ j1 eikj ð48Þ
is positive for Im k ¼ 0 and allows the factorization by means of the
Cauchy type integral:
F0ðkÞ ¼ exp v:p:
Z p
p
ln F0ðpÞdDðk pÞdp
 
; ð49Þ
dDðkÞ ¼ 12pð1 eiðki0ÞÞ :
Here the subscripts ‘‘+’’ and ‘‘’’ denote, as previously, functions
regular in the respective half-planes, and the term kþ i0 ðk i0Þ
indicates that the singularity point belongs to the half plane Im
k 6 0 ð Im kP 0). The representation of the normalizing coefﬁcient
in (48) as a product of ‘‘+’’ and ‘‘’’ functions is trivial and factoriza-
tion of the problem kernel has the form
FðkÞ ¼ FþðkÞFðkÞ; FðkÞ ¼ F0ðkÞf0ðkÞ;
f0ðkÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 eiðki0Þ
p
: ð50Þ
A solution of the inhomogeneous Wiener–Hopf Eq. (45) is derived
now by the standard procedure based on the generalized Liouville’s
theorem. Finally,
VþðkÞ ¼ Qebþik  1
FþðkÞ
FþðibÞ  1
 
; ð51Þ
wðkÞ ¼ Qðebþik  1ÞFþðibÞFðkÞ : ð52Þ
The crack opening displacements can be found by the inverse dis-
crete Fourier transform
wmc ¼ 12p
Z p
p
wðkÞeikmdk; m ¼ 1;2; . . . ð53Þ
A similar formula gives the forces Vmc; m ¼ 0;1;2; . . . in front of the
crack. In order to ﬁnd displacements and rotations at any node of
the lattice, one has to evaluate the corresponding transforms using
Eqs. (51), (43), (36)–(39).
4. Self-similar homogeneous solution
The inhomogeneous solution obtained for the speciﬁc exponen-
tially decaying loading (2) is of limited interest since it does not al-
low to determine the fracture toughness of the material. This
characteristic can be found by analysis of a homogeneous problem
with traction free crack faces where the stress state is generated by
the loading applied at inﬁnity. A solution of this problem can be
derived from the solution of the inhomogeneous problem obtained
previously using a limiting procedure (Ryvkin et al., 1995). Let usassume that the amplitude of loading (12) is related to the expo-
nent power as follows:
Q ¼ A
ﬃﬃﬃ
b
p
; ð54Þ
where A is a constant. Then, in the limiting case b! 0, the forces at
the crack plane vanish and the sought solutionwe;V
e
þ for the homo-
geneous problem is derived as a limit
ðwe;VeþÞ ¼ lim
b!0
ðw;VþÞ: ð55Þ
Carrying out calculations, one obtains from (51) and (52):
VeþðkÞ ¼ 
AF0þðkÞ
F0þð0Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 eiðkþi0Þ
p ; ð56Þ
weðkÞ ¼
Aeiðki0Þ
F0þð0ÞF0ðkÞð1 eiðki0ÞÞ3=2
: ð57Þ
Thus, as in the inhomogeneous problem solved in the previous sec-
tion, one can determine the value of C2 from (56), (43) and then
using (36)–(39) ﬁnd the transforms of displacements and rotations
of any node of the lattice. Finally, the inverse discrete Fourier inte-
gration is to be applied giving their actual values. Note, that in the
present case all quantities are proportional to the arbitrary constant
A as it should be for a homogeneous solution. An alternative way to
carry out the inverse transformation, which is found to be more
convenient for the problem being considered, was mentioned by
Slepyan (2002) and employed by Ryvkin and Slepyan (2010). Let
us consider forces Vemc in front of the crack. The formula for the di-
rect Fourier transform (note, that Vemc ¼ 0; m ¼ 1;2; . . ., and,
consequently, VeFmc ¼ Veþ)
VeþðkÞ ¼
X1
m¼0
Vemce
ikm ð58Þ
can be viewed as a representation of a continuous function of k by
the Fourier series, and the actual forces in the struts are the coefﬁ-
cients in this representation. It is convenient to consider k as purely
imaginary and rewrite the latter formula in the form of power series
deﬁning a real variable s ¼ expðikÞ as follows:
Veþði ln sÞ ¼
X1
m¼0
Vemcs
m; ð59Þ
where s > 1 since Im k > 0. Referring to (51) and (49), after some
manipulation one obtains the analytical expression for power
expansion of the function Vþ and, consequently, the forces in the
struts in front of the crack (hereafter, the index ‘‘c’’ in the subscript
is omitted):
V0 ¼ A
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð1þ RÞ
p
D; D ¼ exp 1
p
Z p
0
ln F0ðpÞdp
 
; ð60Þ
Vem ¼ V0gm; ð61Þ
gm ¼
Xm
j¼0
djemj; d0 ¼ e0 ¼ 1;
dj ¼ 1p
Z p
0
ln F0ðpÞ cos jpdp; ej ¼ ð2j 1Þ!!ð2jÞ!! ; jP 2:
The crack opening displacements are evaluated in a similar way by
deriving the coefﬁcients in their transform expansion in s ¼ expðikÞ,
Im k < 0
weði ln sÞ ¼
X1
m¼1
wems
m; s > 1: ð62Þ
Referring to (57), after lengthy but straightforward manipulations,
one obtains
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A
8bF0þð0Þ
Xm
j¼1
2jdmjej þ 4mem
 !
; m ¼ 1;2; . . . ð63Þ4.1. The asymptotic behavior
The asymptotic distribution of the forces in the struts in front of
the crack for large m can be derived from the obtained solution by
analysis of the transform behavior in the vicinity of the point k ¼ 0
in the upper half-plane Im k > 0 . In accordance with (56)
VeþðkÞ  
A
ð0 ikÞ1=2
; k! i0 ð64Þ
and, consequently, the asymptotic value Vasm is
Vasm  
Aﬃﬃﬃ
p
p m1=2; m!1: ð65Þ
Similarly, the asymptotic behavior of the displacements transform
(57) near the point k ¼ 0 for Im k < 0
weðkÞ  A
1þ R
4b
ðikÞ3=2; k! i0 ð66Þ
yields the following asymptote wasm for the crack opening:
wasm 
Að1þ RÞ
2b
ﬃﬃﬃ
p
p ðmÞ1=2; m! 1: ð67Þ
The obtained asymptotic results can be veriﬁed by the following
consideration. The asymptotic behavior of the obtained solution
for large jmj is deﬁned by the efﬁcient elastic properties of the beam
lattice material being considered. As it was mentioned, the material
is anisotropic on a macroscale; however, the shears between the
planes (xy), (xz) and (xy), (yz) are characterized by the same
modulus
G ¼ Gxz ¼ Gyz ¼
6EI
l4Rð1þ RÞ
ð68Þ
(see Fig. 1). Therefore, the efﬁcient shear modulus is the same for
any couple of planes (xy) and (zn), where n denotes an arbitrary axis
in the (xy) plane. Consequently, in the framework of the considered
antiplane deformation, the material can be treated as isotropic and
the crack solution must approach the K-ﬁeld for the Mode III crack
in a homogeneous isotropic elastic material. In this ﬁeld, the crack
face displacement wðxÞ (the shear stress in front of the crack sðxÞ)
is proportional (inversely proportional) to the square root of the dis-
tance x from the crack tip, and their ratio is expressed as follows
through the material shear modulus Ghom:Fig. 6. The normalized forces in the struts in front of thesðxÞ
wðxÞ
				
				 ¼ Ghom2x : ð69Þ
The shear stress distribution corresponding to the considered dis-
crete problem is obtained by dividing the force values by the rela-
tive face area. In particular, at the crack plane
syzðxÞ ¼ V
e
m
Rl2
; m ¼ x=l: ð70Þ
Referring now to (20), (65), (67), and (69), one can see that the ob-
tained asymptotes are of the expected square root type and Eq. (69)
holds true.
Numerical results for normalized forces and displacements at
the crack line calculated per (60) and (63) are presented in Figs.
6 and 7, respectively. Two values of the shape anisotropy ratio with
the relatively long (R ¼ 7:5) and short (R ¼ 0:75) vertical struts are
considered. The dashed lines on the graphs indicate the asymptotic
values (65) and (67) obtained for large values of jmj. It is readily
seen that the validity region of the obtained square root asymp-
totes is surprisingly extended almost approaching the crack tip
when the vertical and the horizontal struts are of the same order
of magnitude (R = 0.75). This fact meets the assumption of the
square root stress distribution in front of the crack tip, which is
employed in the approximate analytical methods of the fracture
toughness evaluation in cellular materials (Ashby, 1983, Gibson
and Ashby, 1997). On the other hand, for the large shape anisot-
ropy ratio R ¼ 7:5, when the connection between the horizontal
lattice layers provided by the relatively long vertical struts is
diminished, the forces and the displacements approach the asymp-
totic values signiﬁcantly slower. The observed behavior is sup-
ported by the consideration of the limiting case R!1 when the
inﬂuence of the vertical struts disappears and the layers become
separate. This problem on an antiplane deformation of a single
beam lattice layer with a crack was solved by Ryvkin and Slepyan
(2010) who found that the power of the distance from the crack tip,
which enters the asymptotic expressions, is 3=2 rather than 1=2
as in the problem discussed here.5. Fracture toughness
Prior to evaluating the fracture toughness, it is worthwhile to
consider the energy balance during the crack propagation. In the
framework of the beam lattice model being considered, the crack
advance is a discrete process of sequential breaks of the struts.
Note, that in certain aspects this process is similar to the rupture
of atomic bonds during the brittle fracture of a solid material. How-
ever, the discrete nature of this phenomenon is lost in the linearcrack and the square root asymptotes (dashed lines).
Fig. 7. The normalized crack opening displacements near the crack tip and the square asymptotes (dashed lines).
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other hand, analysis of a crack in a lattice allows to determine not
only the total energy release G related to a fracture event being a
single strut break, but also its local part G0. The value G0 is the elas-
tic strains energy stored in the ﬁrst strut in front of the crack before
its breakage. The local to total energy ratio represents an interest-
ing fracture characteristic indicating how the microstructure ’’pro-
tects’’ the strut. The total energy release G can be evaluated by
using the obtained force and the displacement asymptotes for large
jmj, or, alternatively, as a half of the product of the force V0 ob-
tained in the middle of the ﬁrst unbroken strut and the crack open-
ing 2w1. Referring to (60) and (63), one obtains
G ¼ A2 1þ R
4b
: ð71Þ
Note that, actually, the most stressed strut in front of the crack will
break near the node where the maximum bending moment is ob-
tained rather than at the strut midpoint where the moment is zero.
This fact, however, does not impede usage of the above formula for
energy release since, in both cases (the break at the midpoint and
near the node), the system ends up with the same stress strain
state. The energy stored in the ﬁrst strut is G0 ¼ V20l3=ð24EIÞ and
the sought ratio, in view of (20) and (60), is found to be
G0
G
¼ D2: ð72Þ
The dependence of this quantity upon the shape anisotropy ratio is
depicted in Fig. 8. For a very small R when the rotational stiffness ofFig. 8. The dependence of the local-to-total energy ratio upon the shape anisotropy
ratio.the vertical struts tends to inﬁnity, the angles hxm;n and h
y
m;n vanish.
Hence, the system of equilibrium equations (24)–(26) reduces to
Eq. (24) without the rotation terms, which corresponds to the prob-
lem on a Mode III crack in a square-cell lattice with spring-con-
nected nodes. The analytical result for the ratio of energies G0=G
in the latter problem is
ﬃﬃﬃ
2
p
 1 (Slepyan, 2002). The corresponding
point is indicated by a circle and it is seen that the obtained results
are in complete agreement with this ﬁnding. The increase of R leads
to the monotonic decrease of the energy ratio and, for a large R, the
result is reached for another limiting case of an antiplane deforma-
tion of a separate layer with a crack. The value 0.0303 for the energy
ratio obtained in this problem by Ryvkin and Slepyan (2010) deﬁnes
the asymptote shown by the dashed line. The calculations show
that for a sufﬁciently large R the present solution approaches the
asymptote.
The fracture toughness is determined by the remote ﬁeld caus-
ing the failure of the strut in the crack tip vicinity. In the brittle
fracture problem being considered, this takes place when the
bending skin stress in a strut reaches the tensile strength rf of
the parent solid material. As it is mentioned above, the location
of the critical cross-section is at the extremities of the ﬁrst strut
in front of the crack, i.e., the maximum moment is My0;1. Note, that
its direction is opposite to the direction of the moments Myz0;1 ap-
plied to the node ð0;1Þ by the vertical struts and, consequently
(see Fig. 4b), the moment Myþ0;1 in the neighboring strut is less than
My0;1. Therefore, no kinking phenomenon is expected. Since
My0;1 ¼ V0l=2, the failure condition in view of (60) takes the follow-
ing form
rf ¼ A
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð1þ RÞp Dl
2S
; ð73Þ
where S is the section modulus of the strut. The square root remote
stress distribution deﬁned by (65) and (70) corresponds to the
stress intensity factor
K ¼ A
ﬃﬃﬃ
2
p
Rl
ﬃ
l
p : ð74Þ
Eliminating the constant A from (73) and (74) one obtains the fol-
lowing expression for the fracture toughness:
KC ¼ 2Srf
Dl5=2R
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ Rp
: ð75Þ
It is worthwhile to present this result in terms of the relative den-
sity q of the material. For slender struts with cross-sectional area A0
q ¼ ð2þ RÞ
l2R
A0 ð76Þ
Fig. 9. The dependence of the normalized fracture toughness
K^C ¼ KCða2Þ3=2=½2rfs l1=2q3=2a1 upon the shape anisotropy ratio.
Fig. 10. An example of strut cross-section.
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section length parameter and a1;a2 are some constants, one obtains
KC ¼ rf l1=2q3=2C; ð77Þ
C ¼ 2a1a3=22 C0ðRÞ; ð78Þ
C0ðRÞ ¼ R1=2½ð1þ RÞð2þ RÞ31=2D1: ð79Þ
It is remarkable that the derived dependence of the fracture tough-
ness upon strut length and material relative density has the same
form as for Mode I crack in open cell foam considered by Maiti
et al. (1984). The formula (77) in that work was obtained by the
use of a hexagonal layout and the coefﬁcient ‘‘C’’ was determined
from the experimental data. The dependence of the fracture tough-
ness upon the material anisotropy is shown in Fig. 9 where the var-
iation of its normalized value over the shape anisotropy ratio is
presented. The existence of a certain value Ropt ¼ 1:306 maximizing
the fracture toughness represents an important feature of this
graph. This result is valid for any cross-section shape, however, it
should be mentioned that neglecting the torsional moments in
the problem formulation limits the analysis to the case of a
relatively large ratio of bending to torsional strut stiffnesses. An
example of a Plateau border-like cross-section of this type is de-
picted in Fig. 10, the cross-sectional parameters for this shape are
a1 ¼ 0:5ða=tÞ2 and a2 ¼ 3ða=tÞ.6. Concluding remarks
One of the main issues in the crack problems for cellular mate-
rials is the relation between the remote stress strain ﬁeld observed
on a macroscale and the stresses near the crack tip vicinity at the
microstructure level, which actually control the crack propagation.
In the present paper the open cell foam is modeled as 3D beam lat-
tice with rectangular prism cells, and for the Mode III case this rela-
tion is derived analytically in a closed form. The elementsconnecting the lattice nodes modeled as the struts of a uniform
cross-section undergoing the bending deformation, which is a
plausible assumption for the deformation mode being considered.
Note that it is also possible, in the framework of the employed ap-
proach, to take into account the non-uniformity of the beams
cross-section, which seems to be the natural next step in the topic.
For the general homogeneous solution obtained from the inho-
mogeneous one by the limiting procedure, it is found that the re-
mote forces and the displacement distributions are of the square
root type and the ratio of the coefﬁcients multiplying the square
root functions is the same as in a homogeneous isotropic material
possessing the effective shear modulus. This ﬁnding is in agree-
ment with the fact that, in spite of the general anisotropy of the
considered lattice material, it can be treated as an isotropic one
with respect to the Mode III shear deformation. The regions of
validity for the forces and the displacements remote asymptotes
are investigated and found to be surprisingly large (see Figs. 6
and 7) when all element lengths are of the same order of magni-
tude. For example, the difference between the exact value of the
force in the third strut in front of the crack and the asymptotic
one is less than 5% when R ¼ 0:75, and it quickly decreases with
the increasing of the strut number (i.e., the distance from the crack
tip). This may be considered as a justiﬁcation of the assumption on
square root stress distribution in front of the crack employed in the
approximate theoretical model of Mode I fracture of cellular mate-
rials. On the other hand, for a large Rwhen the elements parallel to
the crack front are extended, relatively poor convergence to the
asymptotes is observed. It may be attributed to the approaching
of a limiting case of an antiplane deformation of the separate plane
lattices with square cells where the power deﬁning the asymptotic
behavior is 3/2 (Ryvkin and Slepyan, 2010).
The analytical solution obtained for the discrete model being
considered allows to determine the local part of the total energy
release. The local energy is deﬁned by the strain energy stored in
the ﬁrst strut in front of the crack before its breakage. The ratio
of these energies deﬁnes the enhancement of the energy required
for to break the element within the lattice with respect to breaking
a single element. The dependence of this ratio upon the shape
anisotropy ratio is examined and found to be in agreement with
the results known in the literature for the limiting cases.
The most important result obtained in the present work is that,
for given relative density, there is an optimal shape anisotropy ra-
tio maximizing the fracture toughness. This result indicates the
existence of such optimal values also for another fracture modes
and lattice topologies and may be useful in the design of new cel-
lular materials. It should be noted also that the expression derived
for the fracture toughness meets the formula obtained for the
Mode I case (Maiti et al., 1984).Acknowledgment
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